Entwistle
Mathematics

Year 12 Extension 1 Mock Exam

General Instructions:

e Reading time — 10 minutes

« Working time — 2 hours

o Write using a black pen

e Calculators approved by NESA may be used

o A reference sheet is provided at the back of this paper.

o For questions in Section II, show relevant mathematical reasoning and/or calculations

Total marks: 70

Section I — 10 marks

o Attempt Questions 1-10

o Allow about 15 minutes for this section.
Section II — 60 marks

o Attempt Questions 1-14

o Allow about 1 hours and 45 minutes for this section.
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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1—10.

1
1 Which of the following is the solution to the inequality P > 27
x —

(C) 2<x<3
(D) (zx<2)U(z>3)

2 Given three non-zero vectors a, b and c. If proj.a = proj.b then which of the following

is true?

(A) a = \b for some real constant A

(B) (a—b)-c=0

(D) None of the above.
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3  Which of the following is equal to / ' (1 +tanz)? da?
0

(A) 1+1In2
(B) 1
(C) 1—In2

T 1
D) —+In2+ -
()4+n—|—3

4  How many solutions are there to the equation tan™! (tanz) + z = 07

(A) 1
(B) 2
(€) 3

(D) None of the above.

3
5  Which of the following is the value of cos™! (cosa) given that % <a<2m?

(A) 2r—a
B) 7-a
(C) a

(D) w+a
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6  For which of the following values of n will

1 n
:L’—l-P

have a non-zero constant term?

(A) 2023
(B) 2024
(C) 2025
(D) 2026

7  Which of the following statements is not guaranteed to be always true?

(A) If polynomial P(z), with degree greater than or equal to two, satisfies P'(«) =
P(a) = 0 then « is at least a double root.

(B) A cubic polynomial with real coefficients either has one or three real roots.

(C) For a one-to-one function f(z) with inverse f~'(x) where f(a) = b for real
numbers a and b, then f~1(b) = a.

(D) If a function f(z) intersects its inverse f~!(z) then it will do so on the line

Yy = T.
8  How many numbers must be selected (without replacement) from the set {1,2,3,4,...,2n—
1} to guarantee that at least one pair of these numbers add up to 2n?
(A) n
(B) n—1
(C) n+1
(D) 2n-1
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10

During the tea-break at a mathematics conference, 40% of attendees order tea and
60% order coffee (with no attendees ordering both drinks).

Of those who get tea, 85% add milk and of those who take coffee, 50% add milk.

Estimate the probability that, from a sample of 47 attendees, at least half of the
attendees add milk to their drink.

(A) 0.9985
(B) 0.95
(C) 0.975
(D) 0.84

Consider a grid that consists of 9 cells within a 3 x 3 square.

A team of three players, who cannot see each-other, will randomly select a cell to
draw a cross on any of the 9 squares. The three crosses are then drawn onto the
board at the same time (with the possibility of there being multiple crosses on the
same cell).

The game is won if the three crosses form a row, column or diagonal.

Which of the following is the probability that the game was “won”?

(A) o7

16
243
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Section 11

60 marks
Attempt Questions 11—14
Allow about 1 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are
available. In Questions 11-14, your responses should include relevant mathematical
reasoning and/or calculations.

Question 11 (15 marks) Use the Question 11 Writing Booket.

(a)

The position of a projectile at time ¢ is given by the following parametric equations:

x:5\/§t

y = —5t* + 5t

Find the Cartesian equation of this trajectory in the from y = ax? + bx.

Consider the points P and () with position vectors ﬁ = {_23} and O‘é = [g] :

If the point R divides the interval P(Q internally in the ratio 1 : 2, then find ﬁ in
the form {Z} .

Consider the vector u = i + /3 J-

Determine all the possible unit vector(s) v where the acute angle between u and v

.
1S —.

3

jus

2
Determine the exact value of the integral / sin(5z) cos(x) dx.
0

Question 11 continues on page 6
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Question 11 (continued)

(e)  Consider the polynomial P(z) = z* + ax? + bxr — 2 where a and b are real numbers. 2

It is given that 22 4 1 is a factor of P(z) and thus the following (incomplete) long
division was determined:

z
3 + az? + bx - 2
T 4 x

ar> + (b— 1)z — 2

By completing the long division, find the values of a and b.

0
(f)  Use a t-substitution to solve 2siné — tan = 6 cot (§> for 0 < 0 < 27. 3

End of Question 11

ENTWISTLE MATHEMATICS PRACTICE EXAM
YEAR 12 MATHEMATICS EXTENSION 1



Question 12 (17 marks) Use the Question 12 Writing Booket.

(a)  Sketch the graph of y = tan™!(cot x) on —27 < x < 2.

(b) By first expressing cosz — sinz in the form R cos(z + «), determine the maximum
value of 2 4+ cosx — sinx and the smallest positive angle, in radians, at which this
maximum value occurs.

(c)  Consider the circle of radius r centred at the origin with a tangent line of the form

b
y = ax + b to the circle that cuts the z-axis at the points A (——, 0) and B(0,b).
a

b
s
\

Let the projection of the vector t@ onto the tangent be denoted as the vector
BP = p for some point P.

(1) By considering the point(s) of intersection of the tangent to the circle, show
that r?(a® + 1) = b*.

2

(ii) ~ Show that p = —% [ﬂ and hence show that |O?| =r.

(iii)) By taking an appropriate dot product, explain why the tangent is perpen-
dicular to radius of the circle.

Question 12 continues on page 8
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Question 12 (continued)

d
(d)  Consider the differential equation d—y = etV 4 7V,
T

(i) Show that the differential equation is separable.

(i) It is known that a particular solution curve has a horizontal asymptote
along the z-axis as © — —o0.

By solving the equation in (i), show that the particular solution is of the
form
y = In(tan(e” + C))

and state the value of the constant C.

(iii)  The diagram shows the direction field of the differential equation given.
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Use this to provide a sketch of the solution found in (ii), showing the equa-
tion of any asymptotes.

End of Question 12
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Question 13 (12 marks) Use the Question 13 Writing Booket.

(a)  Consider the parallelogram ABCD where B? = u and BA =

The line DA is extended to the point O such that OB is parallel to AC' as shown
in the diagram below.

O A D

Let M be the midpoint of C'D and P be the intersection of the lines OM and BD.

—
(i) Determine OM in terms of u and v.

(i)  Suppose that P divides OM in the ratio n : 1. Find the value of n.

. L, 4 e 1
(b) Consider f(x) = tan <—x n 1) + tan (2:{; n 1).
(i) Show that f’(z) = 0 over the domain of f(z).

(i)  Hence, or otherwise, sketch the graph of y = f(z).

Question 13 continues on page 10
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Question 13 (continued)

(¢c) A long rectangular strip of length 3n is divided into 3n n xn squares as shown below.

- 3n
Each square can be coloured red, blue or green.

Use a combinatorial argument to deduce the value of

3n 3n 3n 3n 3n
23n 2371—1 23n—2 . 2
(0)>< +(1)X +<2)X Tt lgn—1) 7T s

(You must use a combinatorial argument - there will be no marks given for ex-
panding binomials or using alternate methods).

End of Question 13
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Question 14 (16 marks) Use the Question 14 Writing Booket.

(a)

You may use the z-score table that is provided for this question.

A large company is holding a Christmas party and sends out invitations to its em-
ployees. All invited employees are guaranteed to come since it is during work hours
and each employee is allowed to bring up to one “plus-one” (an additional guest
who was not invited).

Each employee will bring a plus-one with a probability of 40%.

Since the venue has a strict capacity of 400 guests due to space constraints, the
company deliberately invites less employees in order to accommodate for any plus-
ones.

Determine the maximum number of employees that the company should invite to
ensure that there is less than a 1% chance of the venue exceeding capacity.

A water tank has the shape of a horizontal cylinder with a radius of 1m and a
length of 2m. The tank is currently empty and water is pumped into the tank at
a rate of V/h litres per minute, where h is the variable depth of water filled in the
cylinder at time ¢ as shown in the cross section below.

\ ),

(i) Show that the volume of water filled to a depth of A is given by

h—1
V(h) = / V1—y?dy

-1

(ii)  Use the substitution y = sin# to show that

V(h) =7 +2sin" ' (h— 1)+ 2(h — 1)V2h — h?

(iii)  Find the volume of water in the tank after 1 minute. Leave your answer
correct to three decimal places.

Question 14 continues on page 12
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Question 14 (continued)

(c) A projectile with a fixed velocity V' is projected with a uniformly random angle 6
(0 < 0 < %) to the horizontal which lands on the r-axis at some random variable

R.

@)

R=r

Given a gravitational acceleration of gms~—2, the displacement vector of a projectile

with angle of projection 6 and velocity Vm s~

(i)

(i)

L can be shown to be

Vitcosb

r(t) = (Do NOT prove this.)

1
Vitsing — §gt2

The distribution of 6 is given by the probability density function

c 0<f<Z
9(9)={ 2

0 else

Determine the value of the constant c.

Show that the probability density function of R is given by

29 V2

—_— < r< —

f(r)= ¢ my/V*—r2g2 g
0 else

End of Question 14
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